Abstract-Suppose that
is a random geometric graph (RGG). Clearly, randomly deployed wireless networks are best modeled as random geometric graphs. Among the many properties of wireless networks that are of interest are the connectivity [1] and capacity [2] , [3] , [4] properties and these properties can be studied by studying them on suitably defined RGGs. See [5] , [6] , [7] for more examples of work on connectivity of random geometric graphs in the context of wireless networks. Random geometric graphs are also of independent interest and have many other applications. They have also been studied in their own right in recent times.
Prior work on connectivity properties of geometric random graphs has considered the restricted case of constructing is a function of t . For example, [8] , [9] study the properties of h t m
, the probability that | } } is connected. In [1] , the geometric random graph corresponding to the wireless network is constructed on a unit disk and lower and upper asymptotic bounds for ) [10] . See [11] , [12] for other problems on geometric random graphs, [13] , [14] for early surveys, and [15] for a systematic treatment of the subject. The results in this paper may also be applicable to random interval graphs as in [16] .
Our present work is an extension of some of the early work on connectivity of geometric random graphs and a significant step forward in their study in the following senses:
, the probability that
is connected.
In the wireless network context, one would measure the distance using the°T norm. In this paper, to allow for mathematical tractability, we will measure the distances using the° norm.In the rest of this paper, we develop these themes by first setting up some preliminary notation, then presenting the main results and a discussion of these results.
II. PRELIMINARIES AND NOTATION Let¯L
be a given labeled graph with vertex set
. The labeled edges of¯form the set
. and 
represent the set of variables
As we described in the previous section, construct the geometric graph
from these randomly distributed nodes, by having an edge between vertices corresponding to nodes
. As an example consider nodes
, and if is defined by edges as defined above. The following inequalities will be satisfied if and only if the labeled graph¯appears as a subgraph in
denote the probability that¯appears as a subgraph of
is the probability that the inequalities in (1) are satisfied when either analytically or by numerical techniques based on Fourier series methods [17] or the Laguerre method [18] .
The multi-dimensional Fourier transform of a squareintegrable function , the function
The one-dimensional Laplace transform of
The one-dimensional Fourier transform of the unit pulse function is then
Given two functions ordered from left to right appear as
denote the probability that the graph¯appears in
, given that the ordering of the nodes is described by
Consider the computation of
. Without loss of generality, assume that P is defined by
. Now consider the J nodes in K as they appear on the line. Define
, and
. Then, it follows that¯will appear as a subgraph of
if and only if
That is,¯will appear as a subgraph of
Note that in addition, the
and of course
The bounded polytope in
, defined by the inequalities of Eqs. is defined by the inequalities of Eq. (3) and Eq. (4). Then, following the development in [10] , we can write
where
. We turn our attention to the computation of 
w ò
Note that
is the set of all w that satisfy Eqs. (6)- (8) . Then, we can write
is the differential volume element.
We will now decompose the integral in Eq. (9) . Suppose that
. Then the feasible set for
can be obtained from Eqs. (6)- (8) 
is the » Å t dimensional vector whose entries are defined by
. If we take the multi-dimensional Laplace transform of both sides in Eq. (11), we obtain
This process of decomposition may be continued by developing the volume along
in the same manner, and is terminated by the condition In other words, we can write
Putting the discussion in this section together, we can state the main result of this paper. 
This provides a systematic procedure for the calculation of the required probability. We will illustrate this result with a few examples in the sequel. But before proceeding, we outline one more result which can be extracted from the preceding discussion. Note that 
It is usually easier to invert the Laplace transform in Eq. (13), when compared to the problem of inverting Eq. (12) . Consequently, computing the density function is easier than computing the distribution function. More importantly, the density can be used to obtain other properties. For example, can be calculated when the g h j k m are specified as ranges rather than as upper bounds.
A. On Using the Multi-Dimensional Fourier Transform Instead of the Laplace Transform
Instead of using Laplace transforms, we could have used multi-dimensional Fourier transforms. Let . This can be accomplished using numerical techniques, for example, by discrete Fourier transform inversion.
B. A Trivial Example
Suppose we distribute two nodes on the unit square. Set
. Let¯be the graph with one edge between and . What is the probability that this edge appears in the graph? This corresponds to These can be verified to be the correct probabilities [10] .
C. A Non-Trivial Example
Distribute three nodes in the unit cube. Let
. What is the probability that the complete graph on three vertices (a triangle) appears in . We now ask the question "What is the probability that | } } is connected?" Let us denote this probability by . We describe a formula (and hence a procedure) for calculating this probability.
The key observation is the following:
is connected if and only if it contains some tree on t vertices as a subgraph. That is,
By the inclusion-exclusion principle, Eq. (16) 
In this formula, we use h m to denote the probability that¯appears in the random graph under the restriction that is well understood from the asymptotic analysis and the calculation of the exact probability is not as critical.
The formula in Eq. (17) can serve as the basis of some approximation schemes.
1) To obtain a lower bound on the probability h t m , we could use a smaller collection of trees to estimate the probability. Given a collection of ¬ trees, the probability that at least one of these trees appears in the random graph is obtained by terms (¬ ) gives us a lower bound for the probability. It is likely that the first few terms are good enough to yield a reasonable estimate for the probability.
These approximation schemes need to be explored further, but are beyond the scope of the current work.
A. An Example
We illustrate the formula in this section for . This formula is plotted in Figure 1 for
. Note that if we fix , then, as Z increases, the probability of connectivity decreases.
VI. ON THE USE OF OTHER NORMS
We have derived the exact probability of the appearance of a graph in the random graph under the° norm in , the number of vertices in the graph. In other words, these bounds will predict the correct threshold behavior for the probabilities of interest.
VII. DISCUSSION
The geometric random graph
is of interest in the analysis of mobile wireless networks because it allows us to consider nodes with non uniform transmitter and receiver ranges.
Asymptotic analysis of the connection probability \ º » W W is available. However, in some situations it may be necessary to determine the probability that a desirable local configuration involving a small number of transmitters and receivers is obtained. This is especially true if in applications like sensor networks, there are a small number of nodes with special capabilities, e.g., data collection centers for processing the data collected by the sensors or beacon nodes that help in the self organization of the network. Examples for possible¯are as follows.
1) If¯were a star, the central node could represent a node with special privileges like a satellite uplink and the other nodes are within one hop of this node. 2) There could be a set of nodes with relay capabilities, e.g., those that can form cluster heads. These nodes will be at the top of the routing hierarchy and the graph representing the connectivity among these nodes may need to be fully connected (like in the telephone network) and in this case¯would be a fully connected subgraph. Alternately we could just require that¯be a connected graph. As has been mentioned earlier, most previous work make two important assumptions-the node ranges are all equal and the nodes are uniformly distributed in the operational area. In this paper we have considered the case of non uniform transmission ranges. Networks with non uniform distribution of the nodes in the operational area are considered in [20] . 
